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Abstract.

We propose here a relationship between the off-diagonal and diagonal force constants which

is valid theoretically under harmonic approximation provided the L matrix is available from some theo-

retical calculation using L'FL = A.
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1. Introduction

Theoretical prediction of vibrational spectra of
polyatomic molecules has been the goal for a long
time.'”” The recent advances in ab initio and density
functional methods (DFT) met considerable success
in the prediction of vibrational spectra of small
molecules. Still the routine calculations of vibra-
tional frequencies of medium and large molecules
have substantial error compared to the experimental
frequencies.” Finite basis set, partial inclusion of
clectron correlation, harmonic approximation are
some of the reasons for the discrepancies.” The
anharmonic calculations although available with
Gaussian03® this option is very time consuming for
medium or large molecules with a large basis set.
Also, this option is available only for less symmetric
molecules. The accuracy is similar to that achieved
through scaling. The disagreements between calcu-
lated and experimental frequencies are empirically
corrected by scaling algorithms which are either ap-
plied to force constants or to the frequencies. The
assumption made is that the errors are systematic
and the scale factor(s) empirically compensate the
shortcomings of the theories used. Scaling the
frequencies by a scale factor is the simplest although
the results are not as good as scaling the force con-
stants.” Also, the assignment of vibrational frequen-
cies needs a normal mode analysis in terms of force
constants. The most popular scaling algorithm for
the force constants is Pulay’s SQM approach.” Here
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we get a small number of scale factors for the di-
agonal force constants and use their gecometric mean
for the off-diagonal scale factors.” However, there is
no theoretical justification for this scaling proce-
dure. The question whether there exists any theoreti-
cal relation between off-diagonal and diagonal force
constants is addressed from the early days of scaling
methods with out an answer. Here we propose a
theoretical relation between the diagonal and off-
diagonal force constants. These relations could be
used successfully to scale the force constants and
predict the vibrational spectra. It is to be noted that
the force constant relations could be obtained only
when the L matrix is available. The L matrix is usu-
ally obtained from the cartesian force constants cal-
culated by some theoretical method like ab initio or
DFT.

2. Methodology

The normal mode analysis is usually done in terms
of Wilson’s GF matrix formalism.’ Here we define a
set of internal coordinates (R) and from them we
construct 3N — 6 (N is the number of atoms) or 3N —
5 local coordinates(s) depending on whether they are
non-linear or linear. Using projection operator tech-
nique these local coordinates are converted to sym-
metry coordinates (S). Wilson’s G matrix is
constructed from the B matrix.® The cartesian force
constants obtained from the ab initio or DFT meth-
ods are converted to local coordinates by F(local) =
[((UB) '1"F(cart)[UB)'] where [(UB)']=M"(UB)'G
(local)™". The local G and F Matrices are converted
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to symmetric G and F and the frequencies and nor-
mal modes are obtained by solving GFL =LA [6]
where A4, = 4m% and L is the transformation matrix
from symmetric to normal coordinates. The calcu-
lated frequencies are fitted to the experimental ones
by adjusting the force constants and finally a set of
scale factors are obtained in local coordinates for the
best fit. The details of these calculations are given
reference 10. The new methodology is as follows.
The equations GFL =LA and LL"=G leads to
L'FL = A[6]. A is diagonal matrix. If we keep the F
elements in L'FL as symbolic F elements and multi-
ply L and F (symbolic) and L the LHS gives us a
matrix where each element is a linear combination
of force constants. A symbolic /" has a number for
ecach eclement instead of its value. All the off-
diagonal elements of A are equal to zero. Hence, we
get one linear relation among the symbolic force
constants for each off-diagonal element. These equa-
tions form a set of linear homogeneous equations.
These could be solved by Gaussian elimination or
Gauss—Jordan climination to get the relations be-
tween the diagonal and off-diagonal symbolic F
clements. The number of force constants we have to
know is equal to the number of frequencies. The
other force constants are defined in terms of these
known force constants. Gaussian elimination with
full pivoting strategy gives a satisfactory answer.
This method is exemplified using water molecule in
table 1.

Table 1.
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3. Benzene molecule

Benzene is one of the molecules well studied from
1955.° It has 34 symmetric force constants and 42
local force constants. Benzene has 20 unique fre-
quencies excluding the degeneracy. This means the
A matrix will have 20 unique diagonal elements. If
we fix 20 force constants, rest of them could be ob-
tained by the equations obtained by solving
L'FL = A. These relations are used to get the scaled
off-diagonal force constants by fitting the calculated
frequencies to the experimental ones'' as described
in reference 10 and the final force constants ob-
tained along with the symbolic F and redundancy re-
lations are given in the supplementary material
which is available on request from the authors. The
fitted frequencies are given in table 2. The RMS
error is 5 cm . The cartesian force constants are cal-
culated at B3LYP/aug-cc-pvdz level of theory using
Gaussian03 program and a locally developed pro-
gram is used to do the normal mode analysis. To use
the scale factors for prediction, one has the choice to
use any convenient method including SQM method-
ology to fix the required number of force constants
which is equal to the number of unique frequencies.
The rest of the off-diagonal elements are obtained
by solving the equations obtained from the trans-
formation L'FL = A. Which force constants are de-
pendent and which ones are independent is decided
by the full-pivot Gaussian elimination algorithm.

H,O molecule as example. Water has 3N — 6 = 3 frequencies. So we need three

force constants. the f; is automatically fixed from f;, /> and f3. In C; symmetry, all the off-
diagonal elements are fixed by the diagonal force constants because 3N — 6 = number of
frequencies = number of diagonal force constants.

-0.719 —0.719 -0.014[1 3 4]|[-0719 0.048 0.731 1 40

0048 0.048 -1.520((3 1 4| -0719 0048 —0.731|=|4 2 0

0731 -0.731 0.000 |4 4 2| -0.014 -1.520 0000 0 0 3
L’ F L = A

1=/ = 1-:035%f; + 0-000%/ + 1:035%f; + 0-041%/,
2 = ]y = 0-005%f; + 2:312%f + 0-005%f; — 0-294%f,
3 = J3 = 1-070%/; + 0-000%£ — 1-070*£; + 0-000%/;
4 =0=-0-032%; +0.010%f — 0-032%f; + 1-000%/;

When we have several equations like 4, they constitute a set of linear homogeneous equa-
tions which could be solved by Gaussian elimination to get relations among the force con-
stants
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Table 2. Scaled frequencies of Benzene after fitting to
the experimental frequencies. The scaled frequencies are
in parenthesis followed by experimental values.''

Ay
3074(3078):; 993(995);

Ao
1350(1365);

Bog
990(992); 707(707):

Eig
847(846);

Eag
3057(3055); 1600(1601); 1178(1172); 608(608):

AZu
674(677);

Blu
3057(3048): 1010(1005);

BZu
1310(1315); 1149(1155):

Elu

3065(3069); 1484(1474); 1038(1039);
EZu

967(966); 399(399);

RMS error 5 cm™

4. Glycine molecule

Glycine exists as a neutral molecule in the gas
phase. The vibrational spectrum of glycine in the
gas phase has been studied recently by theory and
experiment.'> To check the methodology we tried
MP2/6-311++G** calculations on the most stable
conformation of glycine. All the experimental fre-
quencies of the four isotopomers reported in refer-
ence 12 are fitted to the calculated frequencies. The
RMS error between the experimental and final cal-
culated frequencies is 10 cm . The assignments are
similar to that reported earlier. The scaled frequen-
cies are in better agreement with experimental fre-
quencies. From the scale factors obtained for
glycine, predicting the spectra of other related mole-
cules like alanine and serine are in progress. Since
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the assignments are similar to the reported one we
are not repeating it here.

5. Conclusions

A method is proposed to obtain the theoretically jus-
tified relationship between the off-diagonal force
constants and diagonal force constants in C; symme-
try molecules. In symmetric molecules some (inde-
pendent) off-diagonal and diagonal force constants
equal to the number of unique frequencies have to
be fixed and from these other off-diagonal force
constants (dependent) could be obtained. The inde-
pendent off-diagonal force constants could be fixed
by any convenient method including SQM in using
the scale factors for predicting the vibrational spec-
tra.

Supplementary information

The supplementary information table S1 to S4 are
provided in the online version (www.ias.ac.in/
chemsci).
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